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TRIANGULATIONS WITH HOMOGENEOUS ZIGZAGS
MARIUSZ KWIATKOWSKI, MARK PANKOV, ADAM TYC
Abstract. We investigate zigzags in triangulations of connected closed 2-
dimensional surfaces and show that there is a one-to-one correspondence be-
tween triangulations with homogeneous zigzags and closed 2-cell embeddings
of directed Eulerian graphs in surfaces. A triangulation is called z-knotted
if it has a single zigzag. We construct a family of tree structured z-knotted
spherical triangulations whose zigzags are homogeneous.
1. Introduction
Petrie polygons are well-known objects described by Coxeter [6] (see also [13]).
These are skew polygons in regular polyhedra such that any two consecutive edges,
but not three, are on the same face. Analogs of Petrie polygons for graphs embedded
in surfaces are called zigzags [7, 10] or closed left-right paths [9, 18]. Zigzags have
many applications, for example, they are successfully exploited to enumerate all
combinatorial possibilities for fullerenes [3]. The case when a map, i.e an embedding
of a graph in a surface, has a single zigzag is very important [7, 9]. Following [7]
we call such maps z-knotted. They have nice homological properties and are closely
connected to Gauss code problem [5, 9, 11].
The studying of zigzags in 3-regular plane graphs, in particular fullerenes, is one
of the main directions of [7]. A large class of z-knotted 3-regular plane graphs is
obtained by using computer. The dual objects, i.e. spherical triangulations, have
the same zigzag structure. Zigzags in triangulations of surfaces (not necessarily
orientable) are investigated in [15, 16, 17]. By [16], every such triangulation admits
a z-knotted shredding. In this paper, we describe a class of z-knotted triangulations
which cannot be obtained by shredding.
A z-orientation of a map is a minimal collection of zigzags which double covers
the set of edges [7]. In the z-knotted case, this collection contains only one zigzag
and is unique up to reversing. For every z-orientation we have the following two
types of edges: an edge is of type I if the distinguished zigzags pass through this
edge in different directions and an edge is of type II if they pass through the
edge in the same direction. It is not difficult to prove that for every face in a
triangulation with fixed z-orientation one of the following possibilities is realized:
the face contains precisely two edges of type I and the third edge is of type II or
all edges are of type II. In the case when all faces are of the first type, the number
of edges of type I is the twofold number of edges of type II and we say that a
zigzag is homogeneous if it contains precisely two edges of type I after each edge
of type II. We describe a one-to-one correspondence between triangulations with
homogeneous zigzags and embeddings of directed Eulerian graphs in surfaces such
that all edges of every face form a directed cycle (Theorem 1). Note that directed
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Eulerian spherical embeddings are known also as plane alternating dimaps; they are
investigated, for example, in [2, 8, 12]. Directed Eulerian embeddings in arbitrary
surfaces are considered in [1, 4].
In the second part of the paper, we construct a class of z-knotted spherical trian-
gulations whose zigzags are homogeneous. These triangulations are tree structured
and we show how they can be obtained from rooted trees.
2. Zigzags and z-orientations of triangulations of surfaces
Let M be a connected closed 2-dimensional surface (not necessarily orientable).
A triangulation of M is a 2-cell embedding of a connected simple finite graph in
M such that all faces are triangles [14, Section 3.1]. Then the following assertions
are fulfilled: (1) every edge is contained in precisely two distinct faces, (2) the
intersection of two distinct faces is an edge or a vertex or empty.
Let Γ be a triangulation of M . A zigzag in Γ is a sequence of edges {ei}i∈N
satisfying the following conditions for every natural i:
• ei and ei+1 are distinct edges of a certain face (then they have a common
vertex, since every face is a triangle),
• the faces containing ei, ei+1 and ei+1, ei+2 are distinct and the edges ei and
ei+2 are non-intersecting.
Since Γ is finite, there is a natural number n > 0 such that ei+n = ei for every
natural i. In what follows, every zigzag will be presented as a cyclic sequence
e1, . . . , en, where n is the smallest number satisfying the above condition.
Every zigzag is completely determined by any pair of consecutive edges belonging
to this zigzag and for any distinct edges e and e′ on a face there is a unique zigzag
containing the sequence e, e′. If Z = {e1, . . . , en} is a zigzag, then the reversed
sequence Z−1 = {en, . . . , e1} also is a zigzag. A zigzag cannot contain a sequence
e, e′, . . . , e′, e which implies that Z 6= Z−1 for any zigzag Z, i.e. a zigzag cannot
be self-reversed (see, for example, [16]). We say that Γ is z-knotted if it contains
precisely two zigzags Z and Z−1, in other words, there is a single zigzag up to
reversing.
Example 1. See Fig.1 for zigzags in the three Platonic solids which are triangula-
tions of the sphere S2 (the zigzags are drawn by the bold line).
Figure 1.
Example 2. Let BPn be the n-gonal bipyramid, where 1, . . . , n denote the con-
secutive vertices of the base and the remaining two vertices are denoted by a, b (see
Fig.2 for n = 3).
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Figure 2.
(a). In the case when n = 2k + 1, the bipyramid BPn is z-knotted. If k is odd,
then the unique (up to reversing) zigzag is
a1, 12, 2b, b3, . . . , a(n− 2), (n− 2)(n− 1), (n− 1)b, bn, n1,
1a, a2, 23, 3b, . . . , a(n− 1), (n− 1)n, nb,
b1, 12, 2a, a3, . . . , b(n− 2), (n− 2)(n− 1), (n− 1)a, an, n1,
1b, b2, 23, 3a, . . . , b(n− 1), (n− 1)n, na.
If k is even, then this zigzag is
a1, 12, 2b, b3, . . . , b(n− 2), (n− 2)(n− 1), (n− 1)a, an, n1,
1b, b2, 23, 3a, . . . , a(n− 1), (n− 1)n, nb,
b1, 12, 2a, a3, . . . , a(n− 2), (n− 2)(n− 1), (n− 1)b, bn, n1,
1a, a2, 23, 3b, . . . , b(n− 1), (n− 1)n, na.
(b). If n = 2k and k is odd, then the bipyramid contains precisely two zigzags (up
to reversing):
a1, 12, 2b, b3, 34, . . . , a(n− 1), (n− 1)n, nb,
b1, 12, 2a, a3, 34, . . . , b(n− 1), (n− 1)n, na
and
a2, 23, 3b, b4, 45, . . . , an, n1, 1b,
b2, 23, 3a, a4, 45, . . . , bn, n1, 1a.
(c). In the case when n = 2k and k is even, there are precisely four zigzags (up to
reversing):
a1, 12, 2b, . . . , b(n− 1), (n− 1)n, na;
b1, 12, 2a, . . . , a(n− 1), (n− 1)n, nb;
a2, 23, 3b, . . . , bn, n1, 1a;
b2, 23, 3a, . . . , an, n1, 1b.
See [15, 16] for more examples of z-knotted triangulations. Examples of z-knotted
fullerenes can be found in [7].
Suppose that Γ contains precisely distinct k zigzags up to reversing. A z-orien-
tation of Γ is a collection τ consisting of k distinct zigzags such that for each zigzag
Z we have Z ∈ τ or Z−1 ∈ τ . There are precisely 2k distinct z-orientations of Γ.
For every z-orientation τ = {Z1, . . . , Zk} the z-orientation τ
−1 = {Z−11 , . . . , Z
−1
k }
will be called reversed to τ .
Let τ be a z-orientation of Γ. For every edge e of Γ one of the following possi-
bilities is realized:
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• there is a zigzag Z ∈ τ such that e occurs in this zigzag twice and other
zigzags from τ do not contain e,
• there are two distinct zigzags Z,Z ′ ∈ τ such that e occurs in each of these
zigzags only ones and other zigzags from τ do not contain e.
In the first case, we say that e is an edge of type I if Z passes through e twice in
different directions; otherwise, e is said to be an edge of type II. Similarly, in the
second case: e is an edge of type I if Z and Z ′ pass through e in different directions
or e is an edge of type II if Z and Z ′ pass through e in the same direction. In what
follows, edges of type II will be considered together with the direction defined by
τ . A vertex of Γ is called of type I if it belongs only to edges of type I; otherwise,
we say that this is a vertex of type II.
The following statements hold for any z-orientation τ of Γ.
Lemma 1. For each vertex of type II the number of edges of type II which enter
this vertex is equal to the number of edges of type II which leave it.
Proof. The number of times that the zigzags from τ enter a vertex is equal to the
number of times that these zigzags leave this vertex. 
Proposition 1. For every face of Γ one of the following possibilities is realized:
(I) the face contains two edges of type I and the third edge is of type II, see
Fig.3(a);
(II) all edges of the face are of type II and form a directed cycle, see Fig.3(b).
A face in a triangulation is said to be of type I or of type II if the corresponding
possibility is realized.
(a) (b)
Figure 3.
Proof of Proposition 1. Consider a face whose edges are denoted by e1, e2, e3. With-
out loss of generality we can assume that the zigzag containing the sequence e1, e2
belongs to τ . Let Z and Z ′ be the zigzags containing the sequences e2, e3 and e3, e1,
respectively. Then Z ∈ τ or Z−1 ∈ τ and Z ′ ∈ τ or Z ′−1 ∈ τ . An easy verification
shows that for each of these four cases we obtain (I) or (II). 
Example 3. If n is odd, then the bipyramid BPn has the unique z-orientation (up
to reversing), see Example 2(a). The edges ai and bi, i ∈ {1, . . . , n} are of type I
and the edges on the base of the bipyramid are of type II. The vertices a, b are of
type I and the vertices on the base are of type II. All faces are of type I. The same
happens for the case when n = 2k and k is odd if the z-orientation is defined by
the two zigzags presented in Example 2(b); however, all faces are of type II if we
replace one of these zigzags by the reversed.
Example 4. Suppose that n = 2k and k is even. Let Z1, Z2, Z3, Z4 be the zigzags
from Example 2(c). For the z-orientation defined by these zigzags all faces are of
type I. If the z-orientation is defined by Z1, Z2 and Z
−1
3 , Z
−1
4 , then all faces are of
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type II. In the case when the z-orientation is defined by Z1, Z2, Z3 and Z
−1
4 , there
exist faces of the both types.
Remark 1. If we replace a z-orientation by the reversed z-orientation, then the
type of every edge does not change (but all edges of type II reverse the directions),
consequently, the types of vertices and faces also do not change. For z-knotted
triangulations we can say about the types of edges, vertices and faces without
attaching to a z-orientation [15].
3. Homogeneous zigzags in triangulations with faces of type I
In this section, we will always suppose that Γ is a triangulation with fixed z-
orientation τ such that all faces in Γ are of type I, i.e. each face contains precisely
two edges of type I and the third edge is of type II. If m is the number of faces, then
there are precisely m edges of type I and m/2 edges of type II. In other words, the
number of edges of type I is the twofold number of edges of type II. We say that
a zigzag of Γ is homogeneous if it is a cyclic sequence {ei, e
′
i, e
′′
i }
n
i=1, where each ei
is an edge of type II and all e′i, e
′′
i are edges of type I. If a zigzag is homogeneous,
then the reversed zigzag also is homogeneous.
Example 5. The zigzags of BPn are homogeneous if n is odd (the z-knotted case)
or n is even and the z-orientation is defined by the two zigzags from Example 2(b)
or by the four zigzags from Example 2(c).
Let Γ′ be a closed 2-cell embedding of a connected finite simple graph in the
surface M . Then all faces of Γ′ are homeomorphic to a closed 2-dimensional disc.
For each face F we take a point vF belonging to the interior of F . We add all vF
to the vertex set of Γ′ and connect each vF with every vertex of F by an edge. We
obtain a triangulation of M which will be denoted by T(Γ′).
The assumption that our 2-cell embedding is closed cannot be omitted. Indeed,
if a certain face of Γ′ is not homeomorphic to a closed 2-dimensional disc, then
T(Γ′) is not a triangulation.
Example 6. If Γ′ is a triangulation of M , then every zigzag e1, e2, e3, . . . in Γ
′ can
be extended to a zigzag
e1, e
′
1, e
′′
1 , e2, e
′
2, e
′′
2 , e3, . . .
in T(Γ′) which passes through edges of Γ′ in the opposite directions, see Fig.4.
Therefore, every z-orientation τ ′ of Γ′ induces a z-orientation t(τ ′) of T(Γ′). It is
clear that t(τ ′−1) = t(τ ′)−1 and T(Γ′) is z-knotted if and only if Γ′ is z-knotted.
e1 e2
e′′1e
′
1
e′2 e
′′
2
e3
Figure 4.
Denote by ΓII the subgraph of Γ formed by all vertices and edges of type II.
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Theorem 1. If all zigzags of Γ are homogeneous, then ΓII is a closed 2-cell em-
bedding of a simple Eulerian digraph such that every face is a directed cycle and
Γ = T(ΓII). Conversely, if Γ
′ is a closed 2-cell embedding of a simple Eulerian
digraph and every face is a directed cycle, then the triangulation T(Γ′) admits a
unique z-orientation such that all zigzags of T(Γ′) are homogeneous and Γ′ is a
subgraph of T(Γ′) formed by all vertices and edges of type II.
Proof. (I). Let v be a vertex of Γ. Consider all faces containing v and take the edge
on each of these faces which does not contain v. All such edges form a cycle which
will be denoted by C(v).
Suppose that all zigzags of Γ are homogeneous and consider any edge e1 of type
II. Let v1 and v2 be the vertices of this edge such that e1 is directed from v1 to v2.
We choose one of the two faces containing e1 and take in this face the vertex v which
does not belong to e1. Let e
′
1 and e
′′
1 be the edges which contain v and occur in a
certain zigzag Z ∈ τ immediately after e1, see Fig.5. Denote by e2 the third edge
of the face containing e′1 and e
′′
1 . This edge contains v2 and another one vertex, say
v3. Since Z is homogeneous, the edges e
′
1 and e
′′
1 are of type I, and consequently,
e2 is of type II. The zigzag which goes through e
′
1 from v to v2 belongs to τ (this
follows easily from the fact that Z goes through e′1 in the opposite direction and e
′
1
is an edge of type I). The latter guarantees that the edge e2 is directed from v2 to
v3. By our assumption, the edge e3 which occurs in Z immediately after e
′
1 and e
′′
1
is of type II. This edge is directed from v3 to a certain vertex v4. So, e1, e2, e3 are
consecutive edges of the cycle C(v) and each ei is directed from vi to vi+1. Consider
the zigzag from τ which contains the sequence e2, e
′′
1 . The next edge in this zigzag
connects v and v4 (the zigzag goes from v to v4). Let e4 be the edge which occurs in
the zigzag after it. Then e4 is an edge of type II (by our assumption), it belongs to
C(v) and leaves v4. Recursively, we establish that C(v) is a directed cycle formed
by edges of type II and every edge containing v is of type I, i.e. v is a vertex of
type I. Now, we consider the other face containing e1 and take the vertex v
′ of this
face which does not belong to e1. Using the same arguments, we establish that v
′
is a vertex of type I and C(v′) is a directed cycle formed by edges of type II.
v
v4
v3
v2
v1
e1
e2 e3
e4
e′1
e′′1
s
Figure 5.
For every vertex v of type I we can take a face containing v and the edge of this face
which does not contain v. This edge is of type II (since the remaining two edges of
the face are of type I). The above arguments show that the following assertions are
fulfilled:
(1) vertices of type I exist and for every such vertex v the cycle C(v) is a
directed cycle formed by edges of type II;
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(2) for every edge of type II there are precisely two vertices v and v′ of type I
such that this edge is contained in the cycles C(v) and C(v′).
Similarly, for every edge e of type I we take a face containing e; this face contains
an edge of type II which implies that e connects a vertices of different types.
Consider ΓII . Observe that any two vertices of type II in Γ can be connected
by a path formed by edges of type II which means that ΓII is connected. It is
easy to see that ΓII is a 2-cell embedding of a simple digraph such that every
face is the directed cycle C(v) for a certain vertex v of type I; in particular, this
2-cell embedding is closed. Lemma 1 implies that ΓII is an Eulerian digraph. The
equality Γ = T(ΓII) is obvious.
The following remark will be used to prove the second part of the theorem. The
conditions (1) and (2) guarantee that every zigzag of Γ containing an edge of type
II is homogeneous. Recall that the number of edges of type I is the twofold number
of edges of type II. This implies that there is no zigzag containing edges of type I
only (since every edge occurs twice in a unique zigzag from τ or it occurs ones in
precisely two distinct zigzags from τ). Therefore, every zigzag of Γ is homogeneous
if (1) and (2) hold.
(II). Suppose that Γ′ is a closed 2-cell embedding of a simple Eulerian digraph
such that every face is a directed cycle.
Let e1, . . . , en be the directed cycle formed by all edges of a certain face of Γ
′.
For every i ∈ {1, . . . , n} we define j(i) = i+ 2(modn) and denote by e′i and e
′′
i the
edges containing the vertex vF and intersecting ei and ej(i), respectively. Consider
the zigzag of T(Γ′) which contains the sequence ei, e
′
i, e
′′
i , ej(i). It passes through ei
and ej(i) according to the directions of these edges; and the same holds for every
edge of Γ′ which occurs in this zigzag. Such a zigzag exists for any pair formed
by a face of Γ′ and an edge on this face. The collection of all such zigzags is a
z-orientation of T(Γ′) with the following properties: all edges of Γ′ are of type II
and every vF is a vertex of type I. This implies that T(Γ
′) satisfies the conditions
(1) and (2) which gives the claim. 
Example 7. If BPn is as in Example 5, then only a and b are vertices of type I and
C(a) = C(b) is the directed cycle formed by the edges of the base of the bipyramid.
Conversely, if all zigzags of Γ are homogeneous and there are precisely two vertices
of type I, then Γ is a bipyramid (easy verification).
Example 8. As in Example 6, we assume that Γ′ is a triangulation of M . If
τ ′ is a z-orientation of Γ′ such that all faces are of type II (see [17, Example 4]
for a z-knotted triangulation of S2 whose faces are of type II), then t(τ ′) is the
z-orientation of T(Γ′) described in the second part of Theorem 1. Conversely, if all
zigzags of Γ are homogeneous and for every vertex v of type I the cycle C(v) is a
triangle, then ΓII is a triangulation of M and all faces in this triangulation are of
type II for the z-orientation τ ′ satisfying τ = t(τ ′) (recall that the triangulation Γ
is considered together with fixed z-orientation τ).
4. Gluing of triangulations
In this section, we describe how two triangulations of special types can be glued
together to get a z-knotted triangulation with homogeneous zigzags.
Let Γ be a triangulation with fixed z-orientation. The face shadow of a zigzag
e1, . . . , en is the cyclic sequence F1, . . . , Fn, where Fi is the face containing ei and
8 MARIUSZ KWIATKOWSKI, MARK PANKOV, ADAM TYC
ei+1 if i < n and the face Fn contains en and e1. We will use the following fact
(whose proof is a simple verification): if e is an edge of type II which occurs in a
certain zigzag of Γ twice and F, F ′ are the faces containing e, then the face shadow
of this zigzag contains each of the sequences F, F ′ and F ′, F ones.
From this moment, we suppose that Γ is a z-knotted triangulation of a surface
M such that all faces are of type I and the zigzag is homogeneous. Let e1 and e2
be edges of type II in Γ with a common vertex v and such that the zigzag of Γ is a
cyclic sequence of type
e1, . . . , e2, . . . , e1, . . . , e2, . . . ;
in what follows, every such pair of edges will be called special. Let also F−i and F
+
i
be the faces containing ei. These four faces are mutually distinct (since each face
contains only one edge of type II). Every zigzag is a cyclic sequence and we can
start from any of the four times when ei occurs in the zigzag. Therefore, we can
assume that the face shadow of the zigzag of Γ is
F−1 , F
+
1 , . . . , F
−
2 , F
+
2 , . . . , F
+
1 , F
−
1 , . . . , F
+
2 , F
−
2 , . . .
and the faces F−1 , F
−
2 are on the same side of e1 ∪ e2 and the faces F
+
1 , F
+
2 are on
the other side, see Fig.6(a). Denote by vi the vertex of ei distinct from v.
Let Γ′ be a triangulation of a surface M ′ which contains precisely two zigzags
(up to reversing) and admits a z-orientation such that all faces are of type I and
the zigzags are homogeneous. Consider edges e′1 and e
′
2 of type II in Γ
′ with a
common vertex v′ and such that e′1 occurs twice in one of the zigzags of Γ
′ and e′2
occurs twice in the other. Denote by F ′−i and F
′+
i the faces containing e
′
i. These
four faces are mutually distinct. The shadows of the zigzags are cyclic sequences
F ′−1 , F
′+
1 , . . . , F
′+
1 , F
′−
1 , . . . and F
′−
2 , F
′+
2 , . . . , F
′+
2 , F
′−
2 , . . . ;
as above, without loss of generality we can assume that F ′−1 , F
′−
2 are on the same
side of e′1 ∪ e
′
2 and the faces F
′+
1 , F
′+
2 are on the other side. Let v
′
i be the vertex of
e′i distinct from v
′.
Our last assumption is the following:
(*) for every i ∈ {1, 2} the edge e′i enters or leaves the vertex v
′ if and only if
the edge ei enters or leaves the vertex v, respectively.
Now, we construct a triangulation of the connected sumM#M ′ by rearranging the
triangulations Γ,Γ′ and gluing them together.
In the triangulation Γ, we split up each ei in two edges e
+
i and e
−
i such that v1
belongs to e+1 , e
−
1 and v2 belongs to e
+
2 , e
−
2 . Also, the vertex v is splitted in two
vertices v+ and v− such that vδ, δ ∈ {+,−} is a common vertex of the edges eδ1
and eδ2, see Fig.6(b). The vertex of the face F
δ
i which does not belong to ei will be
connected with vδ. Similarly, we take a vertex of Γ connected with v by a certain
edge e and join it with vδ if the edge e and the faces F
δ
i are on the same side of
e1 ∪ e2, see Fig.6(b). In this way, we get a graph Γnew embedded in M . The face
of Γnew bounded by the edges e
+
1 , e
−
1 , e
+
2 , e
−
2 will be denoted by F . We repeat the
above construction for the triangulation Γ′ and obtain a graph Γ′new embedded in
M ′. As above, every e′i is splitted in two edges e
′+
i , e
′−
i and the face bounded by
e′+1 , e
′−
1 , e
′+
2 , e
′−
2 is denoted by F
′. We remove the interiors of F and F ′ from M
and M ′ (respectively) and glue together eδi and e
′δ
i for i ∈ {1, 2} such that v1 is
identified with v′1 and v2 with v
′
2. We get a triangulation of M#M
′ which will be
denoted by G(Γ,Γ′).
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v
e1 e2
F−1 F
−
2
F+1 F
+
2
(a) (b)
v+
v−
e+1 e
+
2
e−1 e
−
2
F−1 F
−
2
F+1 F
+
2
Figure 6.
Lemma 2. G(Γ,Γ′) is a z-knotted triangulation, where all faces are of type I and
the zigzag is homogeneous. It contains precisely m+m′ vertices of type I, where m
and m′ are the numbers of vertices of type I in Γ and Γ′, respectively.
We will use the following simple lemma to prove Lemma 2.
Lemma 3. If sequences p1, . . . , pt, e and e, q1, . . . , qs are parts of zigzags in a certain
triangulation and the edges pt and q1 belong to distinct faces, then the sequence
p1, . . . , pt, e, q1, . . . , qs
is a part of a zigzag in this triangulation.
Proof. Easy verification. 
Proof of Lemma 2. The zigzag of Γ can be considered as a cyclic sequence
e1, A
+
1 , e2, A
+
2 , e1, A
−
1 , e2, A
−
2 ,
where each Aδi , δ ∈ {+,−} is a sequence of edges. The face shadow of this zigzag
is a cyclic sequence
F−1 , F
+
1 , . . . , F
−
2 , F
+
2 , . . . , F
+
1 , F
−
1 , . . . , F
+
2 , F
−
2 , . . .
and we can assume that the first edge from A+1 belongs to F
+
1 . Then the last edge
from A+1 is contained in F
−
2 . The first and the last edges from A
+
2 belong to F
+
2
and F+1 (respectively). The first edge from A
−
1 is contained in F
−
1 and the last edge
is in F+2 . The first and the last edges from A
−
2 belong to F
−
2 and F
−
1 (respectively).
Similarly, the zigzags of Γ′ are cyclic sequences
e′1, B
+
1 , e
′
1, B
−
1 and e
′
2, B
+
2 , e
′
2, B
−
2 ,
where all Bδi are sequences of edges. The corresponding face shadows are cyclic
sequences
F ′−1 , F
′+
1 , . . . , F
′+
1 , F
′−
1 , . . . and F
′−
2 , F
′+
2 , . . . , F
′+
2 , F
′−
2 . . . ,
and we suppose that the first edge from B+i belongs to F
′+
i . Then the last edge
from B+i also belongs F
′+
i . The first and the last edges from B
−
i belong to F
′−
i .
The above observations show the following sequences are parts of zigzags in the
triangulation G(Γ,Γ′):
• eδ1, A
δ
1, e
−δ
2 with δ ∈ {+,−} (−+ = − and −− = +),
• eδ2, A
δ
2, e
δ
1,
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• eδi , B
δ
i , e
δ
i with δ ∈ {+,−}.
Lemma 3 implies that the cyclic sequence
(1) e+1 , A
+
1 , e
−
2 , B
−
2 , e
−
2 , A
−
2 , e
−
1 , B
−
1 , e
−
1 , A
−
1 , e
+
2 , B
+
2 , e
+
2 , A
+
2 , e
+
1 , B
+
1
is a zigzag of G(Γ,Γ′).
This zigzag contains all Aδi and B
δ
i . Also, each e
δ
i occurs in the zigzag twice.
So, our zigzag passes through every edge of G(Γ,Γ′) twice which means that this
triangulation is z-knotted.
Since the zigzag of G(Γ,Γ′) is the cyclic sequence (1), every edge of type I from Γ
or Γ′ corresponds to an edge of type I in G(Γ,Γ′). Therefore, every face of G(Γ,Γ′)
contains two edges of type I, i.e. it is a face of type I. The remaining edges of
G(Γ,Γ′) are of type II which implies that the zigzag of G(Γ,Γ′) is homogeneous.
Also, a vertex of G(Γ,Γ′) is of type I if and only if it corresponds to a vertex of
type I in Γ or Γ′. 
Remark 2. Keeping the above notations, we consider the case when Γ′ contains
precisely four zigzags Z+1 , Z
−
1 , Z
+
2 , Z
−
2 (up to reversing) and every e
′
i occurs in each
of the zigzags Z+i , Z
−
i once. We suppose that the face shadow of Z
+
i contains
the sequence F ′−i , F
′+
i and the face shadow of Z
−
i contains the reversed sequence
F ′+i , F
′−
i . We remove from these zigzags the edge e
′
i and obtain two sequences of
edges which will be denoted by C+i and C
−
i , respectively. For every δ ∈ {+,−} the
first edge from Cδi belongs to F
′δ
i and the last edge is contained in F
′−δ
i (as above,
−+ = − and −− = +). In other words, we have the sequence eδi , C
δ
i , e
−δ
i instead
of eδi , B
δ
i , e
δ
i and the cyclic sequence
(2) e+1 , A
+
1 , e
−
2 , C
−
2 , e
+
2 , A
+
2 , e
+
1 , C
+
1 , e
−
1 , A
−
1 , e
+
2 , C
+
2 , e
−
2 , A
−
2 , e
−
1 , C
−
1
is a zigzag of G(Γ,Γ′). It is easy to check that all statements from Lemma 2 hold.
In that follows, we will consider the triangulation G(Γ,Γ′) for the both cases
when Γ′ contains precisely two or four zigzags (up to reversing).
5. Concordant special pairs
Let Γ,Γ′ and e1, e2, e
′
1, e
′
2 be as in the previous section. The zigzag of Γ is the
cyclic sequence
e1, A
+
1 , e2, A
+
2 , e1, A
−
1 , e2, A
−
2 .
If Γ′ contains precisely two zigzags (up to reversing), then these zigzags are the
cyclic sequences
e′1, B
+
1 , e
′
1, B
−
1 and e
′
2, B
+
2 , e
′
2, B
−
2 .
In the case when Γ′ contains precisely four zigzags up to reversing (Remark 2),
C+i and C
−
i with i ∈ {1, 2} are sequences of edges obtained from these zigzags by
removing e′i.
Recall that two distinct edges c1 and c2 of type II in Γ form a special pair if the
zigzag of Γ is a cyclic sequence of type
c1, . . . , c2, . . . , c1, . . . , c2, . . .
and the edges have a common vertex.
We say that special pairs c1, c2 and t1, t2 in Γ are concordant if ci 6= tj for any
i, j ∈ {1, 2} and the zigzag of Γ is a cyclic sequence of type
c1, . . . , t1, . . . , c2, . . . , t2, . . . , c1, . . . , t1, . . . , c2, . . . , t2, . . . ;
TRIANGULATIONS WITH HOMOGENEOUS ZIGZAGS 11
in particular, if t1, t2 is a special pair concordant to the special pair e1, e2, then ti
belongs to both A+i and A
−
i for every i ∈ {1, 2}. It is clear that this relation is
symmetric.
Lemma 4. The following assertions are fulfilled:
(A) Every special pair t1, t2 in Γ concordant to the special pair e1, e2 is a special
pair in G(Γ,Γ′).
(B) If two concordant special pairs c1, c2 and t1, t2 in Γ both are concordant to
the special pair e1, e2, then they are concordant special pairs in G(Γ,Γ
′).
Proof. (A). This follows from the fact that the zigzag of G(Γ,Γ′) is the cyclic
sequence (1) or (2) and every ti belongs to both A
+
i and A
−
i .
(B). Without loss of generality we can assume that the zigzag of Γ is a cyclic
sequence of type
e1, . . . , c1, . . . , t1, . . .
︸ ︷︷ ︸
A
+
1
, e2, . . . , c2, . . . , t2, . . .
︸ ︷︷ ︸
A
+
2
, e1, . . . , c1, . . . , t1, . . .
︸ ︷︷ ︸
A
−
1
, e2, . . . , c2, . . . , t2, . . .
︸ ︷︷ ︸
A
−
2
which gives the claim, since the zigzag of G(Γ,Γ′) is the cyclic sequence (1) or
(2). 
Lemma 5. Let c′1 and c
′
2 be edges of type II in Γ
′ with a common vertex and such
that c′i belongs to both B
+
i , B
−
i or both C
+
i , C
−
i for every i ∈ {1, 2}. Then c
′
1, c
′
2 is
a special pair in G(Γ,Γ′). If c1, c2 is a special pair in Γ concordant to the special
pair e1, e2, then c1, c2 and c
′
1, c
′
2 are concordant special pairs in G(Γ,Γ
′).
Proof. As above, we use the zigzag descriptions (1) or (2). 
6. Tree structured z-knotted spherical triangulations with
homogeneous zigzags
We apply the results of Sections 4 and 5 to the bipyramids with fixed z-orienta-
tions such that all faces are of type I and all zigzags are homogeneous. In this case,
an edge of BPn is of type II if and only if it belongs to the base of the bipyramid.
We will use the following observations:
(1) If n is odd, then BPn is z-knotted and any two consecutive edges of the base
form a special pair. Any two special pairs e1, e2 and c1, c2 in the bipyramid
are concordant if ei 6= cj for any i, j ∈ {1, 2}.
(2) In the case when n = 2k and k is odd, BPn contains precisely two zigzags
(up to reversing). If c and c′ are consecutive edges of the base, then c occurs
twice in one of these zigzags and c′ occurs twice in the other.
(3) Suppose that n = 2k and k is even. Then BPn contains precisely four
zigzags (up to reversing). If c and c′ are consecutive edges of the base, then
c occurs once in two distinct zigzags and c′ occurs once in the two others.
Let us take two consecutive edges e1, e2 in the base of BP2n+1 together with two
consecutive edges e′1, e
′
2 in the base of BP2k and apply Lemma 2 or Remark 2 to the
corresponding gluing Γ1 = G(BP2n+1, BP2k). By the lemmas from the previous
section and the above observations, any two consecutive edges c1, c2 in the base of
BP2n+1 and any two consecutive edges c
′
1, c
′
2 in the base of BP2k form special pairs
in Γ1 if ci 6= ej and c
′
i 6= e
′
j for any i, j ∈ {1, 2}. The set of all such pairs c1, c2 and
c′1, c
′
2 will be denoted by C1. Lemmas 4 and 5 guarantee that any two pairs from
C1 are concordant if there is no edge which occurs in both the pairs.
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Therefore, we can repeat the gluing construction for any pair from C1 and any
pair of consecutive edges in the base of BP2m and obtain the triangulation Γ2 =
G(Γ1, BP2m). Any two consecutive edges in the base of each of the bipyramids
BP2n+1, BP2k, BP2m form a special pair in Γ2 if they are not exploited for the
gluing. Let C2 be the set of all such pairs. As above, any two pairs from C2 are
concordant if there is no edge which occurs in both the pairs. So, we can repeat
the gluing construction again.
Remark 3. If Γ and Γ′ are z-knotted bipyraminds, then G(Γ,Γ′) is not z-knotted.
Similarly, the gluing of BP2i and BP2j is not z-knotted.
Consider a rooted tree whose vertices are labeled by natural numbers according
to the following rules:
• The root is labeled by 2k + 1, where k is not less than the root degree.
• If a vertex is not the root or a leaf, then it is labeled by 2k such that k is
not less than the degree of this vertex.
• Every leaf is labeled by an arbitrary even number not less than 4.
Using this tree, we construct a z-knotted triangulation of the sphere S2 whose faces
are of type I and the zigzag is homogeneous.
Let v1, . . . , vm be the vertices adjacent to the root. Suppose that these vertices
are labeled by 2i1, . . . , 2im, respectively. Since k ≥ m, the bipyramid BP2k+1
contains at least m mutually concordant special pairs. Using these pairs we glue
the bipyramids BP2i1 , . . . , BP2im to BP2k+1. Next, we take one of the vertices
v1, . . . , vm which is not a leaf and repeat the above construction for all its neighbors
different from the root. Step by step, we construct a triangulation of S2 such that
the gluing of BP2j to BP2i corresponds to the edge connecting the vertex labeled
by 2i with the vertex labeled by 2j. This triangulation is z-knotted and its zigzag
is homogeneous. It must be pointed out that such a triangulation is not uniquely
defined by given tree.
7. Final remarks
It is an open problem to describe all cases when triangulations with homogeneous
zigzags are z-knotted.
It was observed by M. Kwiatkowski that an analogue of Lemma 2 holds for the
gluing by 6k+1 or 6k+5 (k = 0, 1, . . . ) pairs of edges of type II with common vertices
(the proof is similar to the proof of Lemma 2, but too many complicated details
appear). Using this fact, we can obtain z-knotted triangulations with homogeneous
zigzags for some surfaces with non-zero genus.
Also, for every surface of even Euler characteristic (not necessarily orientable) we
can construct a family of z-knotted maps whose faces are triangles and the zigzags
are homogeneous; but the corresponding graphs contain double edges, i.e. these
maps are not triangulations of surfaces.
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